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Abstract 
Based on the fuzzy Lyapunov method, this work addresses the stability conditions for nonlinear systems with 
multiple time delays to ensure the stability of building structure control systems. The delay independent conditions 
are derived via the traditional Lyapunov and fuzzy Lyapunov methods for multiple time-delay systems as 
approximated by the Tagagi-Sugeno (T-S) fuzzy model. The fuzzy Lyapunov function is defined as a fuzzy blending 
of quadratic Lyapunov functions. A parallel distributed compensation (PDC) scheme is utilized to construct a global 
fuzzy logic control (FLC) by blending all linear local state feedback controllers in the controller design procedure. 
Furthermore, the H infinity performance and robustness of the design for modeling errors also need to be considered 
in the stability conditions.  
© 2011 Published by Elsevier Ltd. Selection and/or peer-review under responsibility of [name organizer] 
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1. Introduction  
The problem of the stabilization of time-delayed systems has often been explored in recent years. Time  
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delays are common in engineering processes. They frequently arise in chemical processes, in long 
transmission lines and in pneumatic, hydraulic and rolling mill systems. The problem of stability analysis 
in time-delayed systems has been one of the main concerns of research into the attributes of such systems. 
Many works on this subject have been published. For example, Hong and Hughes (2001) stated the 
effects of such time delays on the performance, or even the stability, of such closed-loop control systems 
were especially important for lightly damped vibratory responses. This current study focuses on the time-
delayed rate feedback control of a lightly damped single-degree-of-freedom harmonic oscillator. Even 
though this situation is relatively simple, it possesses a lot of interesting characteristics and must be 
treated carefully. Root loci were analyzed to provide a basis for stability conditions, and stability 
boundaries were plotted, correcting the results derived many years ago. How to extend these results from 
one structural mode to an arbitrary number of structural modes is explained. 
The remainder of this paper is structured as follows. First, T-S fuzzy modeling for analysis of the 
stability of a time-delay system is briefly reviewed, and the parallel distributed compensation (PDC) 
scheme is utilized to construct a global fuzzy logic controller. The concept of robustness stability is 
proposed to overcome the modeling error, and LMI is employed to derive the stability conditions. The 
control performance of the fH  robust control is discussed and the delay-dependent stability conditions 
derived using single Lyapunov functions. To avoid conservation, fuzzy Lyapunov functions are proposed 
as a way to extend the stability analysis of time-delay T-S fuzzy systems. The controller design problem 
is reformulated as a linear matrix inequality (LMI) problem. Finally, a numerical example of a nonlinear 
structural system with time delays is given to demonstrate the results, and conclusions are drawn. 
2. System Description and Preliminary Problem 
Consider a nonlinear system composed of N multiple time delays represented as follows: 
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where f  and kg  are nonlinear vector-valued functions; t denotes the time; kW  (time delay) 
Nk ,,2,1 "  are positive real numbers; nRtx )(  is the state vector; )(tI  denotes the external 
disturbance; )(tx  is a derivative of )(tx ; and mRtu )(  is the input vector. 
Definition 1 (Khalil, 1992): The solutions for a dynamic system are said to be uniformly ultimately 
bounded (UUB) if there exist positive constants E  and N , and for every ),0( NG   there is a positive 
constant )(GTT  , such that Ttttxtx td 00 ,)()( EG .
A nonlinear system is described using a set of fuzzy IF-THEN rules developed primarily from Takagi 
and Sugeno (1985). The T-S model consists of a set of If-Then rules. Each rule represents the local linear 
input-output relation of the nonlinear system, and has the following form: 
IF iggi Mt zMtz is)(andandis)( 11 " ,
THEN  
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rule number; 
)(~)(1 tztz g  are the premise variables. 
The premise components for the parallel distributed compensation (PDC) controller are the same as for 
the T-S model. The linear control rule i is derived based on Eq. (2) in the consequent component of the ith 
model rule. 
IF iggi Mt zMtz is)(andandis)( 11 " ;
THEN )()( txKtu i , ri ,,2,1 "  ,                                                                                           (3)
where Ki is the local feedback gain matrix. The final control u is inferred using the Sum-Product 
reasoning method 
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where wi is the degree of activation of the ith rule, calculated as 
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According to the above T-S fuzzy model and the PDC scheme, the model of a nonlinear system (1) can 
be represented by the following closed-loop controlled system: 
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3. Fuzzy Lyapunov Function Approach 
Definition 2 (Tanaka et al., 2001, 2003): Equation (6) is said to be a fuzzy Lyapunov function for the 
T-S fuzzy system if the time derivative of ))(( txV  is always negative at 0)( ztx .
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where iP  is a positive definite matrix. 
 An upper bound of the time derivative, i.e., UU Id)(th , is adopted to ensure that the term of the 
time derivative )(thU  can be solved numerically (Chen et al., 2006). The following stability condition is 
obtained by taking the time derivative of Eq. (5): 
Theorem 2: The fuzzy system (5) is stable in the large if there exist common positive definite matrices 
rPPP ,,, 21 "  such that inequality UU Id)(th  is satisfied and  
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4. Conclusions 
In this study we address a fuzzy Lyapunov method for the stability analysis of multiple time-delay 
nonlinear systems subject to external disturbances. A Takagi-Sugeno (T-S) fuzzy model and parallel 
distributed compensation (PDC) scheme are first employed to design a nonlinear fuzzy controller for the 
stabilization of multiple time-delay nonlinear systems. According to the controlled system, the 
fH
criterion is derived based on the fuzzy Lyapunov method, which is defined in terms of fuzzy blending 
quadratic Lyapunov functions. Based on the stability criterion, the multiple time-delay nonlinear systems 
are guaranteed to be stable.  
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